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$EVWUDFW
/LQHDUNLQHPDWLFVSDFHVLHOLQHDUWRSRORJLFDOVSDFHVZLWKSDUWLDORUGHULQJDUH
VWXGLHG7KH\DUHGHILQHGE\DVHWRID[LRPVLPSO\LQJWKDWWRSRORJ\OLQHDUVWUXFWXUH
DQGRUGHULQJ DUH FRPSDWLEOHZLWK HDFKRWKHU 3URYHG WKDW WKHZHDNHVW WRSRORJ\ RI D
OLQHDU NLQHPDWLFV LV GHWHUPLQHG E\ WKH RSHQ FRQH RI IXWXUH RI DQ\ LWV SRLQW 7KLV
WRSRORJ\ DOORZV GHFRPSRVLWLRQ RI D OLQHDU NLQHPDWLFV LQ D &DUWHVLDQ SURGXFW RI DQ
(XFOLGHDQ DQWLGLVFUHWH DQG GLVFUHWH VSDFHV 3URYHG WKDW WKH VWUXFWXUH RI OLQHDU
NLQHPDWLFV LV SUHVHUYHG E\ IDFWRUL]DWLRQ DORQJ WKH DQWLGLVFUHWH FRPSRQHQW RI WKLV
GHFRPSRVLWLRQ
/LQHDU WRSRORJLFDO VSDFHV ZLWK SVHXGRPHWULF ZKLFK VDWLVILHV WLPH LQHTXDOLW\
LQVWHDG RI WKH WULDQJOH LQHTXDOLW\ DUH VWXGLHG  D[LRPV 3VHXGRPHWULF ZKLFK LV
GHWHUPLQHGE\DSVHXGRQRUPLVVKRZQWRGHILQHDWRSRORJ\RQDOLQHDUVSDFHLWEHLQJD
FRQWLQXRXVPDSSLQJLQWKLVWRSRORJ\3URYHGWKDWIRUDVSDFHZLWKSVHXGRPHWULFWREHD
OLQHDUNLQHPDWLFVLWLVQHFHVVDU\DQGVXIILFLHQWWKDWPDSSLQJRIPXOWLSOLFDWLRQE\−EH
FRQWLQXRXV3VHXGRPHWULFWRSRORJ\RIDOLQHDUNLQHPDWLFVLVLGHQWLFDOZLWKWKHZHDNHVW
WRSRORJ\RIDOLQHDUNLQHPDWLFVZLWKWKHJLYHQFRQHRIIXWXUH0LQNRYVNLLVSDFHRIWKH
VSHFLDOUHODWLYLW\WKHRU\SURYHGWREHDSVHXGRPHWULFOLQHDUNLQHPDWLFV
_________________________________________
$060266XEM&ODVV3ULPDU\))6HFRQGDU\5
.H\ZRUGV.LQHPDWLFVSDUWLDORUGHULQJOLQHDUVSDFHVSVHXGRPHWULFILEHUVSDFHV
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,QWURGXFWLRQ
7KHUHDUHQRGRXEWVWKDWWKHLGHDRIFDXVDOLW\LVRQHRIWKHPDLQSULQFLSOHV
RI SK\VLFV +RZHYHU WKH DSSURSULDWH PDWKHPDWLFDO UHODWLRQ GHILQHG RQ VRPH VSDFH
W\SLFDOIRUWKHUHODWLYLW\WKHRU\HJ0LQNRYVNLLOLQHDUVSDFHRUDSVHXGR5LHPDQQLDQ
PDQLIROGZDV VWXGLHGRQO\ LQVE\+%XVHPDQQ >@DQG5,3LPHQRY >@$IWHU
WKLV WLPH RQO\ D IHZ VFLHQWLVWV SDLG DWWHQWLRQ WR WKLV PDLQO\ JHRPHWULFDO VXEMHFW
+RZHYHUERWK%XVHPDQQDQG3LPHQRYPLVVHGLPSRUWDQWIHDWXUHVRISRVVLEOHV\VWHPVRI
D[LRPVGHYHORSHGIRUGHVFULSWLRQRIWKHFDXVDOUHODWLRQVKLS7KH\GRQRWGLVFXVVQRQ
(XFOLGHDQ WRSRORJLHV DQG WKH\ DVVXPHG WKDW SVHXGRPHWULF ZKLFK GR QRW VDWLVI\ WKH
WULDQJOH LQHTXDOLW\GRHVQRWGHWHUPLQHD WRSRORJ\RQDJLYHQ VSDFH ,Q WKLVSDSHUZH
EHJLQ RXU DQDO\VLV RI FDXVDO VWUXFWXUHV GHILQHG RQ VSDFHV UHOHYDQW IRU WKH UHODWLYLW\
WKHRU\:HGLVFXVVVSDFHVZKLFKVLPXOWDQHRXVO\SRVVHVVWKUHHVWUXFWXUHVWKHVWUXFWXUHRI
OLQHDUVSDFH/RYHU WKH ILHOG R  WRSRORJLFDO VWUXFWXUH WKH V\VWHP∆RIRSHQ VHWVDQG
SDUWLDORUGHULQJ,QSK\VLFVWKHODWWHULVLQWHUSUHWHGDVFDXVDOVWUXFWXUH:HDUHLQWHUHVWHG
LQSURSHUWLHVZKLFKFDQEHGHULYHGIURPWKHIROORZLQJV\VWHPRID[LRPV
'HILQLWLRQ/LQHDUVSDFH/ZLWKWRSRORJ\∆ DQGSDUWLDORUGHULQJLVFDOOHGOLQHDU
NLQHPDWLFVLIILWVDWLVILHVWKHIROORZLQJWKUHHJURXSVRID[LRPV
)LUVWJURXSRID[LRPV
+7KHPDSSLQJRIDGGLWLRQ/×/→/LVFRQWLQXRXV
o)RUDQ\α∈R WKHPDSSLQJRIPXOWLSOLFDWLRQE\αLVFRQWLQXRV
,WFDQEHHDVLO\GHGXFHGWKDWIRUDQ\D∈/DQGIRUDQ\RSHQVHW8LWVWUDQVODWLRQ
D8LVRSHQWKHWUDQVODWLRQRIDFORVHGVHWLVFORVHGKRPRWKHW\Da αDZLWKQRQ]HUR
FRHIILFLHQWαWUDQVIHUVRSHQVHWRQWRRSHQVHWDQGFORVHGVHWRQWRFORVHGVHW7KHD[LRP
+LVPXFKZHDNHUWKDQWKHXVXDOUHTXLUHPHQWWKDWWKHPDSSLQJRIPXOWLSOLFDWLRQDVD
ZKROHLHR×/→/EHFRQWLQXRXV:HVKDOOQRWUHTXLUHWKLV
6HFRQGJURXSRID[LRPV
p3DUWLDORUGHULQJLVWUDQVLWLYHIURPDEDQGEFIROORZVWKDWDF
p3DUWLDORUGHULQJLVVWULFWDDLVLPSRVVLEOH
7KLUGJURXSRID[LRPV
/l∀DE∈/DE⇒∀X∈/DXEX
/l∀DE∈/DE⇒∀α∈RαDαEZKHUHR ∞
/l∀D∈/ ∀8∈∆ D∈8 ⇒ ∃E∈8 DE  LH LQDQ\QHLJKERXUKRRG8RIDQ\
SRLQWDWKHUHLVDWOHDVWRQHSRLQWZKLFKIROORZVDQH[WSRLQW
/l7KHSDVWRIWKH]HURSRLQW4−  ^X∈/X`LVRSHQ
$[LRPV + + /l /l LPSO\ WKDW WKH WRSRORJ\ ∆ OLQHDU VWUXFWXUH DQG
RUGHULQJ  DUH FRPSDWLEOHZLWK HDFKRWKHU$[LRP/l LPSOLHV WKDW WKH UHODWLRQ RI
RUGHULQJLVWRSRORJLFDOO\QRQHPSW\$[LRP/lLPSOLHVWKDWDOOSRLQWVZKLFKDUHFORVH
HQRXJKWRVRPHSRLQWLQWKHSDVWRIWKH]HURSRLQWDOVREHORQJWRWKHSDVWRI WKH]HUR
SRLQW
:HGRQRWLPSO\WKDW/KDV(XFOLGHDQWRSRORJ\DVLWZDVDVVXPHGE\3LPHQRY
LQ >@ ,W FUHDWHV WZR SUREOHPV  7R ILQG ZKLFK WRSRORJLHV DUH FRPSDWLEOH ZLWK WKH
JLYHQVHWRID[LRPV7RGHWHUPLQHZKLFKVWUXFWXUHVLQWURGXFHGLQ>@DUHSUHVHUYHGE\
WKLVVHWRID[LRPV
&RUROODULHV
/lLPSOLHVWKDWWKHWRSRORJ\LQ/LVQRWGLVFUHWH2WKHUZLVHWKHUHZRXOGEH
QR QH[W SRLQW LQ D RQHSRLQW QHLJKERXUKRRG RI D JLYHQ SRLQW /l LPSOLHV WKDW WKH
WRSRORJ\LQ/LVQRWDQWLGLVFUHWH
∀DE∈/DE⇒∀α∈R
−
αD!αEZKHUHR
−
 −∞
:HVNLSSURRIVLQWKLVSDUWGXHWRWKHLUVLPSOLFLW\
∀D∈/∀8∈∆D∈8⇒ ∃F∈8 FD L»LQDQ\QHLJKERXUKRRG8RIDQ\
SRLQWDWKHUHLVDWOHDVWRQHSUHFHGLQJSRLQW

 )RU DQ\ SRLQW D∈/ LWV SDVW 4D−  ^X∈/  XD` DQG LWV IXWXUH
4D+  ^X∈/X!D`DUHRSHQVHWV
∀D E∈/ DE ⇒  4D+ ⊃4E+  4D− ⊂4E−  ,W IROORZV IURP WKH WUDQVLWLYLW\ RI
RUGHU
)RUDQ\D∈/WKHVHWV4D+ 4D− DUHFRQYH[
)RUDQ\D∈/ WKH VHWV4D+ 4D−  DUH FRQHVZLWKDSH[D ,W IROORZV IURP WKH
HDVLO\YHULILHGIDFWWKDW4+ LVDFRQHZLWKDSH[pLPSOLHVWKDWDSH[HVGRQRWEHORQJ
WRFRQHV
3RVVLEOHWRSRORJLHV
,QWKLVSDUWZHVKDOODQVZHUWKHTXHVWLRQZKLFKWRSRORJLHVDUHFRPSDWLEOH
ZLWKWKHJLYHQV\VWHPRID[LRPVIRUILQLWHGLPHQVLRQDOOLQHDUNLQHPDWLFV6LQFHFRQYH[
FRQHV4+ DQG4− −4+ DUHRSHQDQGWKHSURSHUW\RIDVHWWREHRSHQLVSUHVHUYHGE\
WUDQVODWLRQVRQHFDQHDVLO\ ILQG WKHZHDNHVW WRSRORJ\ LQ WKH ILQLWHGLPHQVLRQDO OLQHDU
VSDFH / ZKLFK LV FRPSDWLEOH ZLWK WKHVH WZR IDFWV ,W LV REYLRXV WKDW WKH ZHDNHVW
WRSRORJ\ LQ/ LV FORVHO\ UHODWHGZLWK WKH W\SH RI WKH FRQH 4+  /HW XV EHJLQZLWK WKH
IROORZLQJQRWH
,IDII4+ ≠/WKHQWKHVSDFH/FDQEHGHFRPSRVHGWRD&DUWHVLDQSURGXFW
RIWKHVXEVSDFHV/′ DII4+ DQG0 //′7KHRUGHULQJDQGWKHZHDNHVWWRSRORJ\LQ/′
DUHGHILQHGE\WKHFRQH4+ WKH/′DQGDOOLWVWUDQVODWHVDUHRSHQKHQFHWKHWRSRORJ\LQ
0LVGLVFUHWH7KHUHIRUHLWLVVXIILFLHQWWRILQGDQDQVZHUWRWKHTXHVWLRQIRUPXODWHGLQ
IRUWKHFDVHZKHUHDII4+  /
/HWXVILUVWFRQVLGHUWKHVSDFHVRIVPDOOGLPHQVLRQV
/HW/ ℜ/HWXVVLPXODWHℜE\WKHSRLQWVRIWKHUHDOD[LVR DQGOHW4+
EHDQRSHQUD\ LQWKHVWDQGDUG(XFOLGHDQWRSRORJ\RI  R 7KHQ WKH UD\4−  LV DOVR
RSHQ 7KH LQWHUVHFWLRQV RI WKHLU WUDQVODWHV DUH DOVR RSHQ LH DOO VHJPHQWV DWE DUH
RSHQ 7KHUHIRUH WKH ZHDNHVW WRSRORJ\ LQ / LV (XFOLGHDQ ,W LV FRPSDWLEOH ZLWK WKH
D[LRPVRISDUW
/HW/ ℜ6LPXODWHℜE\WKHSRLQWVRID&DUWHVLDQSODQH R  SUHVHUYLQJ
OLQHDUVWUXFWXUH:HVKDOOFRQVLGHUFDVHV
4+  LV DQ RSHQ LQ R  VKDUS LH LW GRHV QRW FRQWDLQ VWUDLJKW OLQHV FRQYH[
VHFWRUZLWKDQJOHpi
4+ LVDQRSHQLQR FRQYH[VHFWRUFRQWDLQLQJVWUDLJKWOLQHVLHDQRSHQKDOI
SODQH
4+ LVDVHFWRUOLNHZLWKDGGLWLRQRIRQHRILWVHGJHUD\V
4+ LVDVHFWRUOLNHZLWKDGGLWLRQRIRQHRILWVHGJHUD\V
4+ LVDVHFWRUOLNHZLWKDGGLWLRQRIERWKRILWVHGJHUD\V,QWKHFDVH
WKHDGGLWLRQRIERWKUD\VLVLPSRVVLEOHGXHWRD[LRPp
 ,Q WKH FDVH  WKH ZHDNHVW WRSRORJ\ LV (XFOLGHDQ ,I ZH LQWURGXFH
FRRUGLQDWHV[WRQWKH&DUWHVLDQSODQH R GLUHFWLQJWD[LVDORQJWKHELVHFWUL[RI WKH
FRQH4+ ZH VKDOO VHH WKDW LW LV DPRGHORI WZRGLPHQVLRQDO VSDFHWLPHRI WKH VSHFLDO
UHODWLYLW\WKHRU\$OOD[LRPVRISDUWDUHIXOILOOHG
,QWKHFDVHOHWXVLQWURGXFH&DUWHVLDQFRRUGLQDWHV[WRQWKHSODQH
R GLUHFWLQJ[D[LVDORQJWKHHGJHRIWKHKDOISODQH4+ 7KHZHDNHVWWRSRORJ\FDQEH
GHILQHGLIZHFKRRVHDOOVWULSVDWEDVWKHEDVHRIWRSRORJ\7RSRORJ\LVGLIIHUHQWIURP
(XFOLGHDQ/ R × R D  ZKHUH R D  LV WKH UHDO D[LV ZLWK DQWLGLVFUHWH WRSRORJ\ ,W LV D
PRGHORIWZRGLPHQVLRQDO+DOLOHDQVSDFHWLPH$OOD[LRPVRISDUWDUHIXOILOOHG
 ,Q WKH FDVH  OHW XV LQWURGXFH FRRUGLQDWHV [ [ RQ WKH SODQH R 
GLUHFWLQJ[D[LVDORQJWKHHGJHRIWKHKDOISODQH4+  LWVGLUHFWLRQEHLQJWKHVDPHZLWK
WKHGLUHFWLRQRIWKHUD\ZKLFKLVLQFOXGHGLQ4+ 4   + )LJ
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2UGHULQJ ZKLFK LV LQWURGXFHG E\ WKLV FRQH FRUUHVSRQGV WR D VWULFW OH[LFRJUDSKLFDO
RUGHULQJ[[\\⇔[\RU[ \DQG[\6LQFHFRQHV4 D  +  DQG4 E  −
DUHRSHQWKHLULQWHUVHFWLRQLHVHJPHQWD[ERQWKH[D[LVLVDOVRRSHQ7KHUHIRUH
WKH[D[LVLWVHOIDQGDOOLWVWUDQVODWHVOLQHV[ FRQVWDUHRSHQVHWV+HQFHWKHZHDNHVW
WRSRORJ\ RI ℜ LV WKH WRSRORJ\ RI D &DUWHVLDQ SURGXFW RI [ D[LV ZLWK (XFOLGHDQ
WRSRORJ\ DQG [ D[LV ZLWK GLVFUHWH WRSRORJ\ℜ R × R G  $OO D[LRPV RI SDUW  DUH
IXOILOOHG
 ,Q WKH FDVH )LJ  WKHRUGHULQJ LVQRW OH[LFRJUDSKLF VLQFH LW LV MXVW
SDUWLDORUGHULQJ%XWIRUWKHVDPHUHDVRQVDVLQWKHFDVHDOOOLQHV[ FRQVWDUHRSHQ
DQGℜKDVDWRSRORJ\RID&DUWHVLDQSURGXFWRI[D[LVZLWK(XFOLGHDQWRSRORJ\DQG
[D[LVZLWKGLVFUHWHWRSRORJ\$OOD[LRPVRISDUWDUHIXOILOOHG
 ,Q WKH FDVH  OHW XV LQWURGXFH REOLTXH FRRUGLQDWHV RQ WKH SODQH R 
GLUHFWLQJ[\D[LVDORQJWZRHGJHUD\VRIWKHFRQH4+ )RUWKHVDPHUHDVRQVDVLQ
HDFKOLQHSDUDOOHOWRDQ\RIWKHD[HVVKRXOGEHDQRSHQVHW7KHUHIRUHWKHLULQWHUVHFWLRQ
SRLQWLVDOVRRSHQDQGWKHWRSRORJ\LQℜLVGLVFUHWH,WLVQRWFRPSDWLEOHZLWK/l
+HQFHWKHFDVHIRUDOLQHDUNLQHPDWLFVLVLPSRVVLEOH
 )RU DQ\ ILQLWH GLPHQVLRQ Q OHW XV VLPXODWH / ℜQ E\ WKH SRLQWV RI WKH
(XFOLGHDQVSDFHR QSUHVHUYLQJOLQHDUVWUXFWXUHDQGFRQVLGHUDFDVHZKHQWKHFRQH4+
LVRSHQQRWRQO\ LQℜQEXWDOVR LQ R Q$QRSHQFRQYH[FRQH4+ ⊂R QZKLFKGRHVQRW
FRQWDLQ LWV DSH[ DQG WKHUHIRUH LV QRW HTXDO WR WKH ZKROH R Q FDQ EH UHSUHVHQWHG DV
4+ s× R NZKHUH&LVDVKDUSFRQHLHLWGRHVQRWFRQWDLQVWUDLJKWOLQHVDQG≤NQ
7KHUHIRUH WKH HQWLUH VSDFH FDQEH UHSUHVHQWHG DV D&DUWHVLDQSURGXFW RI OLQHDU VSDFHV
ℜQ  ℜQ−N×ℜN&ORVHGVKDUSFRQH&LVRSHQLQWKH(XFOLGHDQVSDFHR Q−NDQGKHQFHWKH
ZHDNHVWWRSRORJ\LQWURGXFHGE\&LQℜQ−NLV(XFOLGHDQ7KHUHIRUHDOOQ−NGLPHQVLRQDO
RSHQEDOOV%FDQEHWDNHQDVDEDVHRIWKHWRSRORJLFDOVSDFHℜQ−N,QWKLVFDVHF\OLQGULFDO
WXEHOLNHQHLJKERXUKRRGV%×ℜNRI WKHVXEVSDFHℜN DQGDOO WKHLU WUDQVODWHVZLOOEH WKH
EDVH RI WRSRORJ\ RI WKH VSDFHℜQ 7RSRORJLFDO VSDFHℜQ ZLOO EH UHSUHVHQWHG DVℜQ 
R Q−N× R DN  ZKHUH R DN  LV D NGLPHQVLRQDO OLQHDU VSDFH ZLWK DQWLGLVFUHWH WRSRORJ\ $OO
D[LRPVRISDUWDUHIXOILOOHG<HWLWVKRXOGEHQRWHGWKDWLQWKLVSDUWZHGLVFXVVRQO\WKH
ZHDNHVWWRSRORJ\FRPSDWLEOHZLWKWKLVV\VWHPRID[LRPV
/HWWKHIURQWLHU∂4+  DIWHUVLPXODWLRQRIℜQE\ R QFRQWDLQDW OHDVWRQH
UD\ 7KHUH LV D VXSSRUWLQJ SODQH 3 IRU ∂4+  ZKLFK FRQWDLQV WKLV UD\ 7UDQVODWLQJ Q
GLPHQVLRQDOFRQHV4+ DQG4− ZKLFKDUHRSHQLQℜQRQHFDQVHHWKDWERWKFORVHGLQ
(XFOLGHDQWRSRORJ\KDOIVSDFHVVHSDUDWHGE\3DUHRSHQ7KHUHIRUH WKHK\SHUSODQH3
LWVHOIDQGDOOLWVWUDQVODWLRQVDUHRSHQ+HQFHℜQLVUHSUHVHQWHGDVD&DUWHVLDQSURGXFWRI
DOLQHR GZLWKGLVFUHWHWRSRORJ\DQGK\SHUSODQH3WKHWRSRORJ\LQ3EHLQJGHWHUPLQHG
E\WKHFRQH4+ ∩35HSHDWLQJZLWK3 ℜQ− WKH VDPHSURFHVVDQG ORZHULQJGLPHQVLRQ
ZH VKDOO DUULYH DW WKH FDVH  EHFDXVH FRPSOHWHO\ GLVFUHWH WRSRORJ\ IRU D OLQHDU
NLQHPDWLFVLVLPSRVVLEOH
+HQFHWKHIROORZLQJWKHRUHPLVSURYHG
 7KHRUHP  /HW LQ D ILQLWHGLPHQVLRQDO OLQHDU NLQHPDWLFV / ∆  WKH
GLPHQVLRQRIWKHFRQH4+ EHHTXDOWRGLP/DQGOHW∆EHWKHZHDNHVWWRSRORJ\RIDOLQHDU
NLQHPDWLFV7KHQ/LVD&DUWHVLDQSURGXFWRIWKUHHOLQHDUWRSRORJLFDOVSDFHV/ /′×$×'
/′EHLQJDVSDFHZLWK(XFOLGHDQWRSRORJ\$ZLWKDQWLGLVFUHWHDQG'ZLWKGLVFUHWHWRSRORJ\
,I ©WKH FRQH RI IXWXUHª 4+  FRQWDLQV VWUDLJKW OLQHV RU D UD\ SDVVLQJ ZLWKLQ LWV IURQWLHU
IURQWLHULQDVHQVHRIWKH(XFOLGHDQWRSRORJ\LQ/WKHQWKLVGHFRPSRVLWLRQLVDQRQWULYLDO
RQHLQWKHILUVWFDVHEHLQJGLP$!DQGLQWKHVHFRQGFDVHGLP'!
7KHGLVFUHWHFRPSRQHQWLQWKLVUHSUHVHQWDWLRQLVDJRRGLOOXVWUDWLRQRIWKH
FRQFHSW RI ©SDUDOOHO ZRUOGVª >@ /HW IRU H[DPSOH GLP '! 7KHQ WKHUH LV QR SDWK
FRQWLQXRXV PDSSLQJ VHJPHQW FRQQHFWLQJ SRLQWV IURP GLIIHUHQW ILEHUV [ G DQG
[GG≠G$WWKHVDPHFRQGLWLRQVWKHFDXVDOUHODWLRQ LVFRPPRQIRUDOO ILEHUV LH
FDXVDOOLQNEHWZHHQ©ZRUOGVªILEHUVRIVSDFHWLPHLVSUHVHUYHG
 ,I GLP 4+GLP / WKHQ LQ WKH UHSUHVHQWDWLRQ / /′×$×' WKHUH ZLOO EH
DQRWKHUIDFWRU'′ DVZHOODV'ZLWKGLVFUHWHWRSRORJ\ZKLFKGLGQRWSUHVHUYHFDXVDO
OLQNEHWZHHQLWVILEHUV
 5, 3LPHQRY GLG QRW FRQVLGHU ILQLWH GLPHQVLRQDO OLQHDU VSDFHV ZLWK
QRQ(XFOLGHDQ WRSRORJ\ EXW KH QHHGHG SURSHUWLHV ZKLFK LQ RXU V\VWHP RI D[LRPV
EHORQJ WR VSDFHV ZLWK (XFOLGHDQ WRSRORJ\ DQG WR VSDFHV ZLWK DQWLGLVFUHWH OD\HU RI
PD[LPDO SRVVLEOH GLPHQVLRQ FRGLPHQVLRQ  $SSURSULDWH FDXVDO UHODWLRQV DUH
LQWHUSUHWHG DV (LQVWHLQ FDXVDOLW\ LH UHODWLYLW\ WKHRU\ DQG 1HZWRQLDQ FDXVDOLW\
SUHVHOHFWHGWLPHD[LVFRUUHVSRQGLQJO\:HFDQ VHH WKDW WKHUHDUHDOVRRWKHU W\SHVRI
FDXVDOLW\ ZKLFK DUH QRW HTXLYDOHQW WR WKHVH WZR EHFDXVH WKH\ GHWHUPLQH GLIIHUHQW
WRSRORJLHV6LQFH3LPHQRYFRQVLGHUHGRQO\(XFOLGHDQ WRSRORJ\ WR GHVFULEH WKHVH WZR
W\SHV RI FDXVDOLW\ KH KDG WR LQWURGXFH YHU\ H[WHQVLYH FKDUDFWHULVWLFV ZKLFK FDQQRW EH
JHQHUDOL]HGIRULQWHUPHGLDWHFDVHV
3UHRUGHULQJDQGVSDFHRIILEHUVRIDEVROXWHVLPXOWDQHLW\
'HILQLWLRQ:HLQWURGXFHSUHRUGHULQJ≤GHILQLQJLWE\WKHFRQGLWLRQ
∀DE∈/D≤E⇔D∈&O4E−
5HODWLRQ≤LVDUHODWLRQRISUHRUGHULQJLHLWLVUHIOH[LYHDQGWUDQVLWLYH/HWXV
SRLQWRXWILUVWWKHSURSHUWLHVRIWKHFRQHV4D+ 4D− 
∀D∈/4D+ D4+ 4D−  D4− 
∀α∈R α4+ 4+  α4− 4−   α&O4+ &O4+   α&O4− &O4−   VHOI
VLPLODULW\

7KHUHIRUH WKH UHODWLRQ ≤  LV VWDEOH WR DGGLWLRQ DQGPXOWLSOLFDWLRQ RQ VFDODUV
IURPR
∀DE∈/D≤E⇒ ∀X∈/DX≤EX
∀DE∈/D≤E⇒ ∀α∈RαD≤αE
5HIOH[LYLW\RI≤IROORZVIURP
∀D∈/D≤D
,QDGYDQFHRIWKHSURRIRIWUDQVLWLYLW\OHWXVSRLQWRXWWZRXVHIXOSURSHUWLHV
∀DEF∈/DE	E≤F⇒   DF
∀DEF∈/D≤E	EF⇒   DF
∀DEF∈/D≤E	E≤F⇒   D≤FWUDQVLWLYLW\
3URRI/HWD∈&O4E−  E∈&O4F−  8EHDQ\QHLJKERXUKRRGRIDSRLQWD7KHQ
WKHUHLVX∈8∩4E− ≠∅DQGGXHWRXE≤F⇒   XF ⇒ X∈4F− ⇒  8∩4E− ⊂4F−  ⇒
8∩4F− ≠∅LHDQ\QHLJKERXUKRRGRIDSRLQWDLQWHUVHFWVZLWK4F− 7KHUHIRUHD∈&O4F− 
LHD≤F
)RUDQ\D∈/WKHVHWV&O4D+ &O4D− DUHFRQYH[FRQHVZLWKDSH[DDSH[
EHORQJVWRWKHFRQHGXHWR3URRILVTXLWHDQDORJRXVWRWKHSURRIVRIDQG
ZLWKVXEVWLWXWLRQRIZLWK≤
∀D∈/,QW&O4D+ 4D+ ,QW&O4D−  4D− 
3URRI /HW XV FKHFN DV DQ H[DPSOH WKH ILUVW VWDWHPHQW ,W LV REYLRXV WKDW
,QW&O4D+ ⊃4D+  3URYH WKDW QRSRLQWX∈&O 4D+  X∉4D+   FDQ EHORQJ WR ,QW&O 4D+  $Q\
SRLQWXZLWKWKHVHSURSHUWLHVVKRXOGEHORQJWR∂4D+ 'XHWR/lLQHDFKQHLJKERXUKRRG
8RIWKHSRLQWXWKHUHLVYX,IY∈&O 4D+ WKHQD≤YXDQGWKDWPDNHVDFRQWUDGLFWLRQ
ZLWKX∉4D+ 7KHUHIRUHLQDQ\QHLJKERXUKRRGRIWKHSRLQWXWKHUHDUHSRLQWVZKLFKGR
QRWEHORQJWR&O 4D+ LHX∉,QW&O4D+ 
'HILQLWLRQ7KHSUHRUGHULQJ≤GHILQHVWKHUHODWLRQRIHTXLYDOHQFHaRQ/
∀DE∈/DaE⇔D≤E	E≤D
,Q SK\VLFV WKLV UHODWLRQ LV FDOOHG DEVROXWH VLPXOWDQHLW\ ,W LV V\PPHWULF E\
GHILQLWLRQDQGUHIOH[LYHDQGWUDQVLWLYHGXHWRDQG
'HILQLWLRQ &ODVV RI SRLQWV HTXLYDOHQW WR D JLYHQ SRLQW F LV GHVLJQDWHG DVaF  ^E∈/FaE`7KLVVHWFDQEHDOVRFDOOHGILEHURIVLPXOWDQHLW\RIWKHSRLQWF
:HZRXOGOLNHWRSRLQWRXWFRQQHFWLRQRIWKLV WHUPZLWKWKHUHVXOWVRISDUW
/HW/ EH D&DUWHVLDQSURGXFW RI WKH WKUHH OLQHDU WRSRORJLFDO VSDFHV/ /′×$×' ZLWK
(XFOLGHDQ DQWLGLVFUHWH DQG GLVFUHWH WRSRORJ\ UHVSHFWLYHO\ 7KHQ WKH FODVV RI SRLQWV
HTXLYDOHQWWRD D/′D$D' LV aD  D/′×$×D' LH LI WKH FRQH4+  FRQWDLQV VWUDLJKW OLQHV
WKHQWKHILEHURIVLPXOWDQHLW\RIWKHSRLQWDFRQVLVWVH[DFWO\RIWKHVXPRIDOOWUDQVODWHV
RIWKHVHOLQHVZKLFKSDVVWKURXJKWKHSRLQWD,QGHHGVLQFH LQGHILQLWLRQWKHUH LVD
FORVXUHRSHUDWLRQWKHHQWLUHVHW$RUPRUHH[DFWO\LWVWUDQVODWHLVFRQWDLQHGLQ aD 2Q
WKHRWKHUKDQGWKHILEHURIVLPXOWDQHLW\FDQQRWEHELJJHUEHFDXVH WKH FRQH4+ ∩/′ LV
VKDUS
 )RU DQ\D∈/ WKH VHWV 4D+   4D−   &O 4D+   &O 4D−  FRQVLVWV RI FRPSOHWH
FODVVHVRIHTXLYDOHQFH
&ODVV a LVDOLQHDUVXEVSDFHLQ/8QGHUFRQGLWLRQVRI7KHRUHP a LV
LGHQWLFDOZLWK$
)RUDQ\D∈/aD  Da 
)RUDQ\D∈/WKHVHWaD LVFORVHGaD  &O4D+ ∩&O4D− 

 )RU DQ\ D∈/  ,QW aD   ∅  ,W IROORZV IURP  DQG  8QGHU
FRQGLWLRQVRI7KHRUHPLWPHDQVWKDWGLP/′≥
6SDFHRIILEHUVRIDEVROXWHVLPXOWDQHLW\
'HILQLWLRQ7KHVHWRIFODVVHVRIHTXLYDOHQFHaZHGHVLJQDWHDV a/  /a
6LQFH DOO FODVVHV RI HTXLYDOHQFH DUH WKH WUDQVODWHV RI WKH VXEVSDFH a  
 WKH VHW a/  LQKHULWV IURP / LWV OLQHDU VWUXFWXUH / EHLQJ D &DUWHVLDQ SURGXFW
/≈ a/ ×a a/  DV IDFWRUVSDFH LQKHULWV IURP/ WRSRORJLFDO VWUXFWXUH ∆ /HW XV GHVLJQDWH
pi/→ a/    IDFWRUL]DWLRQPDSSLQJ SURMHFWLRQ7KHQ$⊂ a/   LVRSHQ LQ a/  LIIpi−$ LV
RSHQLQ/
'XH WR 7KHRUHP  RI SDUW  WKH IROORZLQJ VWDWHPHQW LV REYLRXV a/  LV D
+DXVGRUII VSDFH ,QGHHG IDFWRUVSDFH LV +DXVGRUII HYHQ LQ WKH ZHDNHVW WRSRORJ\ RI D
ILQLWH GLPHQVLRQDO OLQHDU NLQHPDWLFV +RZHYHU WKLV VWDWHPHQW LV WUXH DOVR IRU LQILQLWH
GLPHQVLRQDOOLQHDUNLQHPDWLFV7KHSURRILVUHODWLYHO\VLPSOHDQGZHVKDOOQRWGLVFXVVLW
KHUH
/HPPDpi/→ a/ LVDQRSHQPDSSLQJLHLI$⊂/LVRSHQWKHQpi$⊂ a/
LVDOVRRSHQ
3URRI:HPXVWDGGWR$DOOFODVVHVRIHTXLYDOHQFHIRUDOOHOHPHQWVIURP$DQG
SURYHWKDWWKXVH[WHQGHGVHW% pi−pi$LVRSHQ
/HWE∈%WKHQ∃D∈$VRWKDWDaEDQGWKHUH LVDQRSHQ VHW8 VR WKDWD∈8⊂$
&RQVLGHUDQRSHQGXHWRD[LRPoVHW9 E−D8E∈9:HVKRXOGSURYHWKDW9⊂%
,QGHHGIRUDQ\Y∈9∃X∈8Y E−DX6LQFHDaE⇒D−Ea⇒  YaXDQGX∈$WKHQY∈%
+HQFHDQ\SRLQWE∈%EHORQJWR%WRJHWKHUZLWKLWVQHLJKERXUKRRGLH%LVRSHQ
:HKDGDOUHDG\QRWHGWKDWHTXLYDOHQFHaLVVWDEOHWRDGGLWLRQRIYHFWRUV
DQG PXOWLSOLFDWLRQ E\ VFDODUV 7KH RUGHULQJ  LV DOVR VWDEOH WR WKLV HTXLYDOHQFH ,W
LPPHGLDWHO\IROORZVIURP
∀DEF∈/DE	EaF⇒   DF
∀DEF∈/DaE	EF⇒   DF
7KHUHIRUHIDFWRUVSDFH a/ LQKHULWVRUGHULQJIURP/
'HILQLWLRQ/HWaD aE ∈ a/ WKHQaD a< aE ⇔DE
 7KHRUHP /LQHDU VSDFH a/ ZLWK RUGHULQJ a<  DQG IDFWRUWRSRORJ\ a∆  LV D
OLQHDUNLQHPDWLFV
3URRI:HPXVWYHULI\WKDWDOOD[LRPVRIDOLQHDUNLQHPDWLFVDUHIXOILOOHG
7KHFRQWLQXLW\RIDGGLWLRQIROORZVIURPWKHFRPPXWDWLYLW\RIWKHGLDJUDP
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/HW$⊂ a/ EHRSHQ7KHQpi−$⊂/ LVDOVRRSHQ$GGLWLRQ LQ/ LV FRQWLQXRXV
WKHUHIRUH WKH SUHLPDJH% RI D VHWpi−$ DW WKHPDSSLQJ /×/→/ LV RSHQ LQ/×/
pi/→ a/  LV DQ RSHQ PDSSLQJ WKHUHIRUH pipi/×/→ a/ × a/  LV DOVR DQ RSHQ PDSSLQJ
7KHQLPDJH& pipi%RIDQRSHQVHW%LVRSHQLQ a/ × a/ 6LQFHWKHDERYHGLDJUDPLV
FRPPXWDWLYH WKHVHW& LV LGHQWLFDOZLWK WKHSUHLPDJHRI$ DWPDSSLQJ a/ × a/→ a/ 
+HQFHWKLVSUHLPDJHLVRSHQDQGDGGLWLRQLQIDFWRUVSDFH a/ LVFRQWLQXRXV
/HWXVFKHFNWKHD[LRPoIRUDQ\α∈R  WKHPDSSLQJα a/ → a/  aD a αaD  LV
FRQWLQXRXV,Iα WKHQWKLVLVDFRQVWDQWPDSSLQJDQGWKHUHIRUHFRQWLQXRXV/HWα≠
&RUUHVSRQGLQJGLDJUDPLVFRPPXWDWLYHVLQFHpi o α.=α. o pi.7KHVDPHUHDVRQVDVDERYH
SURYHRXUVWDWHPHQW
3URRIVRIRWKHUD[LRPVDUHWULYLDO
 ,W VKRXOGEHQRWHG WKDW ILEHUV RI DEVROXWH VLPXOWDQHLW\ DSSHDU LQ OLQHDU
NLQHPDWLFVGXHWRYHU\GLIIHUHQWSK\VLFDOUHDVRQV7KXVLQ*DOLOHDQNLQHPDWLFVR ×^W`
ZKHUHWKHFRQHRIIXWXUHLVWKHKDOIVSDFHW!WKHILEHURIDEVROXWHVLPXOWDQHLW\LVR 
,QNLQHPDWLFVR × R 0LQNRYVNLLVSDFHZLWKWKHILEHUR RYHUHDFKSRLQWXVHGLQ>S
@WRVLPXODWHHOHFWURPDJQHWLVPWKHILEHURIVLPXOWDQHLW\LVR 
0HWULFOLQHDUNLQHPDWLFV
 'HILQLWLRQV ,Q SK\VLFV GHILQLWLRQ RI RUGHULQJ XVLQJ VRPH IXQFWLRQ IRU
H[DPSOHZKLFKLVSRVLWLYHLIILWVDUJXPHQWLV«JUHDWHU¬WKDQ]HURSRLQWZRXOGEHPRUH
FRQYHQLHQWWKDQDQDEVWUDFWGHILQLWLRQXVHGLQSDUW6LQFHRUGHULQJPXVWEHWUDQVLWLYH
WKLVIXQFWLRQVKRXOGVDWLVI\WLPHLQHTXDOLW\WULDQJOHLQHTXDOLW\ZLWKRSSRVLWHVLJQ:H
VKDOOEXLOGD OLQHDUNLQHPDWLFVZKHUHERWKRUGHULQJDQG WRSRORJ\DUHGHILQHGE\ VXFK
IXQFWLRQ 0RVW RI LWV SURSHUWLHV ZLOO SURYH WR EH GHWHUPLQHG E\ WKH GRPDLQ RI WKLV
IXQFWLRQ
'HILQLWLRQ/HW/EHDOLQHDUVSDFHRYHUWKHILHOGR 4+ −FRQYH[FRQHLQ/ZLWK
DSH[∉4+ 'HVLJQDWH4−  −4+ ) 4+ ∪4− ∪^`:HVKDOOFRQVLGHURQO\QRQ
HPSW\FRQHVZLWKWKHIROORZLQJSURSHUW\
n∀D∈4+ ∀E∈/∃α∈RDαE∈4+
)XQFWLRQI)→R ZKLFKLVVWULFWO\SRVLWLYHRQ4+ LVFDOOHGDWLPHOLNHQRUPRUD
SVHXGRQRUPLIILWVDWLVILHVWKHIROORZLQJFRQGLWLRQV
n∀DE∈)  D!	E!⇒ IDE ≥ IDIE  (LQVWHLQ LQHTXDOLW\ RU WLPH
LQHTXDOLW\
n∀D∈)∀α∈R IαD αIDXQLIRUPQHVV
6LQFH4+  LVDFRQYH[FRQHn LVFRUUHFW D∈4+ 	E∈4+ ⇒ DE∈4+ n LV
FRUUHFW EHFDXVH ) LV D FRQH V\PPHWULFDO ZLWK UHVSHFW WR WKH ]HUR SRLQW %HVLGHV
I I[ I[ VLQFHWKHFRQH4+ LVQRWHPSW\
(DFKFRQYH[FRQHGHILQHVUHODWLRQRISDUWLDORUGHULQJRQ/IRUDQ\DE∈/
DE⇔E−D∈4+ 
7KHUHODWLRQLVWUDQVLWLYH∀DEF∈/DE	EF⇒E−D∈4+ 	F−E∈4+ ⇒
F−D∈4+ ⇒DFDQGDQWLUHIOH[LYH∉4+ ⇒∀D∈/¬DD7KXVWKHD[LRPVpDQG
pRISDUWDUHIXOILOOHG
%HFDXVH I LV VWULFWO\ SRVLWLYH RQO\ RQ 4+  RQH FDQ JLYH DQRWKHU GHILQLWLRQ RI
SDUWLDORUGHULQJZKLFKLVHTXLYDOHQWWRWKHILUVW
∀DE∈/DE⇔E−D∈)	IE−D!
8QGHU WKLV GHILQLWLRQ WUDQVLWLYLW\ RI RUGHULQJ  IROORZV IURP (LQVWHLQ
LQHTXDOLW\DQWLUHIOH[LYLW\−IURPWKHIDFWWKDWI $[LRPnFDQEHIRUPXODWHGLQD
SXUHIXQFWLRQIRUP
n′∀D∈)ID!⇒∀E∈/∃α∈RDαE∈)	IDαE!
'HILQLWLRQ'HVLJQDWH: ^DEDE∈/E−D∈)`⊂/×/:HVKDOOFDOO IXQFWLRQ
ρ:→R , ρ[ \ I[−\ WKH WLPHOLNH PHWULF RU SVHXGRPHWULF LQ :  ,Q SK\VLFV
SVHXGRPHWULF KDV D VHQVH RI RULHQWHG GLVWDQFH EHWZHHQ WZR HYHQWV VHSDUDWHG E\ WKH
WLPHOLNHLQWHUYDO

(LQVWHLQLQHTXDOLW\IRUWKHWLPHOLNHPHWULFKDVWKHIRUP
n∀DEF∈/D!E	E!F⇒ρDF≥ρDEρEF
%XVHPDQQ >@ SS  ZURWH WKDW SVHXGRPHWULF ZKLFK VDWLVILHV (LQVWHLQ
LQHTXDOLW\GLGQRWGHILQHDWRSRORJ\RQDVSDFH/3LPHQRY>@SDOVRDVVXPHGLW
:H VKDOO SURYH WKDW ZLWK WKH DGGLWLRQDO D[LRPVn DQG0 SVHXGRPHWULF GHILQHV D
WRSRORJ\RQVSDFH/DQGWKLV WRSRORJ\ LVTXLWHGLIIHUHQWIURPWKH(XFOLGHDQRQH:H
DOVR VKDOO ILQG DQ DGGLWLRQDO FRQGLWLRQ ZKLFK LV VXIILFLHQW DQG QHFHVVDU\ IRU D OLQHDU
VSDFH/ZLWKSVHXGRQRUPIWREHDOLQHDUNLQHPDWLFV
&RUROODULHV
∀D∈4+ ∀E∈/∀α∈RDαE∈4+ ⇒∀β∈Rβα⇒DβE∈4+ 
,WLPPHGLDWHO\IROORZVIURPWKHFRQYH[LW\RIWKHFRQH4+ 7KLVFRUROODU\FDQEH
IRUPXODWHGDOVRLQDIXQFWLRQIRUP/HWD∈)E∈/ID!α∈RDαE∈)IDαE!
7KHQ∀β∈Rβα⇒DβE∈)	IDβE!
∀D∈)∀ε∈RID!ε⇒∀E∈/∃α∈RDαE∈)	IDαE!ε
3URRI/HWXVWDNHδ!DQGUHSUHVHQWDDVD D−δDδD'XHWRnWKHUHLVβ∈R
VRWKDWIδDβE!7KHUHIRUHIDβE≥ ID−δDIδDβE!−δID!−δε7KH
OHIWSDUWRIWKLVLQHTXDOLW\GRHVQRWGHSHQGRQδ,IZHWDNH VXSδ∈5 ZHJHWIDβE≥ε
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β εI D E I D I D       VLQFHDWα βWKHODWWHUVWDWHPHQW
LVDQHTXDOLW\DQGLQWKHOHIWSDUWRILWWKHUH LVD OLQHDUIXQFWLRQRIαZKLFK LQFUHDVHV
ZKHQαGHFUHDVHV
/HWD∈)E∈/ε∈RID!εα∈RDαE∈)IDαE!ε7KHQ IRUDQ\
β∈R βα ⇒DβE∈)	 IDβE!ε 7KLVZDV DFWXDOO\ SURYHG LQ WKH SURRI RI WKH
SUHYLRXVVWDWHPHQW
'HILQLWLRQRIWRSRORJ\E\PHDQVRISVHXGRPHWULF
'HILQLWLRQ 7KH VHW %εD ^[∈/  [−D∈) 	 ρ[ D!ε` ZLOO EH FDOOHG
H[WUDEDOOZLWKUDGLXVεDQGFHQWHUD
,W LVPRUHQDWXUDO WR VHDUFK D WRSRORJ\ZLWK WKH EDVH RI H[WUDEDOOVZKLFK DUH
FRQYH[ VHWV REYLRXV WKDQ WR FRQVLGHU EDOOV ZKLFK DUH QRW FRQYH[ IRU D VSDFH ZLWK
SVHXGRPHWULFV
7KHRUHP7KHVHWRIH[WUDEDOOVΓ ^%εDD∈/ε∈R`LVDEDVHRIDWRSRORJ\RQ/
3URRI([WUDEDOOVIURPΓFRYHUDOO//HWXVWDNHDQDUELWUDU\SRLQW[∈/DQG
YHFWRU X∈4−  ,W LV REYLRXV WKDW [X[ DQG LI ZH GHVLJQDWH IX −ε ε∈R WKHQ
[∈%ε[X
,QWHUVHFWLRQRIWZRVHWVIURPΓFDQEHUHSUHVHQWHGDVDVXPRIVHWV IURPΓ
/HWF∈%εD∩%δE:HPXVWFKHFNWKDW∃K∈/∃α∈RVRWKDWF∈%αK⊂%εD∩%δE/HW
XV WDNH X∈4−  'XH WR  WKHUH LV U∈R DQG U∈R VR WKDW IFUX−D!ε DQG
IFUXE!δ $VVLJQLQJ U PLQ^U U` K FUX IK−F −α α∈R ZH KDYH WKDW
K∈%εD∩%δE KF DQG F∈%αK ,I [∈%αK WKHQ I[−D≥I[−KIK−D!ε  DQG
I[E≥I[−KIK−E!δ, WKHUHIRUH%αK ⊂ %εD∩%δE
'HILQLWLRQ 7KH WRSRORJ\ RQ WKH VSDFH/ZLWK WKH EDVHΓ LV FDOOHG WKH WLPHOLNH
WRSRORJ\GHWHUPLQHGE\WKHSVHXGRQRUPI

 ,W LV ZHOO NQRZQ WKDW LQ D ILQLWH GLPHQVLRQDO OLQHDU VSDFH DOO QRUPV
GHWHUPLQH WKH VDPH WRSRORJ\ :H VKDOO SURYH ZLWKRXW XVLQJ WKH FRQGLWLRQ RI ILQLWH
GLPHQVLRQ WKDW WKH WLPHOLNH WRSRORJ\GHWHUPLQHGE\ WKHSVHXGRQRUP IDFWXDOO\ GHSHQGV
RQO\RQWKHGRPDLQRII/HWXVGHVLJQDWH4D+  D4+ Γ′ ^4D+ D∈/`
/HPPD7KHVHWRIFRQHVΓ′LVDEDVHRIDWRSRORJ\RQ/
3URRILVTXLWHDQDORJRXVWRWKHSURRIRI7KHRUHP
/HPPD,QWRSRORJ\ZLWKWKHEDVHΓDOOFRQHVIURPΓ′DUHRSHQ
3URRI7KLVVWDWHPHQWLPPHGLDWHO\IROORZVIURPWKHHTXDOLW\4 % +
∈
= ε
ε
 
5
U DQG
WKHIDFWWKDWWKHPDSSLQJRIDGGLWLRQ LVFRQWLQXRXVXQGHUWKLVVHWRID[LRPV0−0
VHHWKHSURRIRI7KHRUHPLQ
/HPPD,QWRSRORJ\ZLWKWKHEDVHΓ′DOOH[WUDEDOOVIURPΓDUHRSHQ
3URRI:HPXVWFKHFNWKDWIRUDQ\[∈%εDWKHUHLV\∈/VRWKDW[∈4\+ ⊂%εD,W
LV VXIILFLHQW WR WDNHX∈4−  DQG FKRRVH XVLQJ α∈R VR WKDW[αX∈%εD ,W LV
REYLRXVWKDW\ [αX
+HQFHWKHIROORZLQJWKHRUHPZDVSURYHG
7KHRUHP7RSRORJLHVZLWKWKHEDVHVΓDQGΓ′DUHWKHVDPH
7KLV WRSRORJ\ LVTXLWHGLIIHUHQW IURP WKH VWDQGDUG WRSRORJ\RIDPHWULF
VSDFH)RUH[DPSOHLWFDQQRWEH+DXVGRUII,IDEDQGD∈%U[WKHQE∈%U[DE	
D∈%U[⇒IE−[≥IE−DID−[!U⇒  E∈%U[$OVRPXOWLSOLFDWLRQE\−LQWKLV
WRSRORJ\ LV QRW FRQWLQXRXV 7KLV LV UHODWHG ZLWK WKH IDFW WKDW DOO VHWV IURP Γ DUH
XQOLPLWHGWRZDUGVWKHGLUHFWLRQRI©WLPHLQFUHDVLQJª4+ DQGOLPLWHGRQWKHRWKHUVLGH
6WUHQJWKHQLQJRIWRSRORJ\DQGFRQVWUXFWLRQRIDOLQHDUNLQHPDWLFV7REXLOGD
OLQHDUNLQHPDWLFVWKHLQFUHDVLQJRIWKHWLPHOLNHWRSRORJ\LVQHFHVVDU\
/HPPD7KHVHW∆ ^8∩−9 89∈Γ`LVDEDVHRIDWRSRORJ\RQ/WKLV
WRSRORJ\EHLQJVWURQJHUWKDQWKHWLPHOLNHWRSRORJ\
3URRI RI WKLV OHPPD LV D TXLWH GLUHFW RQH XVLQJ WKH IDFW WKDWΓ LV D EDVH RI
WRSRORJ\RQ/
([DPSOH/HWXVWDNHR DVDOLQHDUVSDFHDQGI LGDVDSVHXGRQRUP7KHQWKH
WLPHOLNHWRSRORJ\RQ R  LVDWRSRORJ\ZLWKWKHEDVHRI UD\V^[∞ [∈R`DQG WKH
WRSRORJ\ZLWKWKHEDVH∆LV(XFOLGHDQ
'HILQLWLRQ7KHWRSRORJ\RQ/ZLWKWKHEDVH∆LVFDOOHGWKHWRSRORJ\GHWHUPLQHGE\
WKHSVHXGRQRUPI
7KHRUHP/LQHDUVSDFH/ZLWKWKHWRSRORJ\GHWHUPLQHGE\WKHSVHXGRQRUP
IDQGZLWKWKHRUGHULQJGHWHUPLQHGE\WKHVDPHSVHXGRQRUPLVDOLQHDUNLQHPDWLFV
3URRI $[LRPV p p KDYH EHHQ DOUHDG\ FKHFNHG LQ GHILQLWLRQ RI SDUWLDO
RUGHULQJRQ//HWXVFKHFNWKHD[LRPo:HGHVLJQDWHWKHVHWVIURPWKHEDVH∆DV
%UTDE  %UD∩−%TEZKHUHDE∈/UT∈R
/HPPD∀DEFG∈/∀UTSW∈R%UTDE%SWFG ⊂%USTWDFEG3URRILVTXLWHGLUHFWDQGXVHVRQO\WKHWLPHLQHTXDOLW\
&RQWLQXHWKHSURRIRIWKHWKHRUHP/HWDVHW8⊂/EHRSHQ:HPXVWYHULI\
WKDW LWV SUHLPDJH DW PDSSLQJ /×/→/ LV RSHQ LQ /×/ LH IRU DQ\ [ \∈/×/
[\∈8⇒  ∃9:⊂/−RSHQ VHWV VR WKDW[∈9\∈:9:⊂82QH FDQ DVVXPH WKDW
89:∈∆/HW8 %αβXYH∈4+ DQGγ∈R&RQVLGHULQJρ[[−γH IγH γIH!OHW
XV VHOHFW γ∈R VR WKDW IγHα DQG OHW γγ 7KHQ[∈%U[−γH ZKHUH IγH Uα
&RQVLGHUρ\X−[−γH I[\−X−γHZKHUHDFFRUGLQJWRFRQGLWLRQVI[\−X!α'XH
WRn WKHUH LV γ∈R VR WKDW I[\XγH!α /HW XV VHOHFW γ PLQ^γ γ` DQG DVVLJQ
D [−γH7KHQ[∈%UDDQG\∈%α−UFZKHUHF XD

$QDORJRXV WKHUH DUHTβ  DQG E∈/ VR WKDW[∈−%TE DQG \∈−%β−TG ZKHUH
G Y−E1RZWKHLQFOXVLRQ%UTDE%α−U β−TFG ⊂%αβXYLVHQVXUHGE\/HPPD
/HWXVFKHFNWKHD[LRPo6LQFHPXOWLSOLFDWLRQRQDVFDODUα∈R ZLWKα≠LVD
RQHWRRQH PDSSLQJ WKH FRQWLQXLW\ RI PXOWLSOLFDWLRQ LV HTXLYDOHQW WR WKH IROORZLQJ
SURSRVLWLRQLI8 ⊂/LVRSHQWKHQIRUDQ\α∈R α≠α8⊂/LVDOVRRSHQ,WLVHQRXJK
WRFKHFNWKLVVWDWHPHQWIRUWKHVHWV IURP∆ RQO\/HW8 %UD∩−%TE ,Iα∈R WKHQ
α%UD %αUαD,Iα∈R −WKHQα%UD −%αUαD7KHVHVHWVDUHRSHQ6WDELOLW\RIRUGHULQJWRDGGLWLRQD[LRP/lIROORZVGLUHFWO\IURPGHILQLWLRQ
6WDELOLW\RIRUGHULQJWRPXOWLSOLFDWLRQ/.IROORZVIURPWKHD[LRPnDQGGHILQLWLRQ
RIWRSRORJ\GHWHUPLQHGE\WKHSVHXGRQRUPI
/HWXVFKHFNWKHD[LRP/lLQDQ\QHLJKERXUKRRGRIDQ\SRLQWWKHUHLVDQH[W
SRLQW ,W LV VXIILFLHQW WR FKHFN WKLV VWDWHPHQW IRU WKH VHWV IURP∆ /HWD∈%UTX Y DQG
E∈4+ 7KHQIRUDQ\α∈R DαE!D6WDWHPHQW LPSOLHV WKDW∃α1∈Rρ−D−α1E
Y!T 7KHQ Dα1E∈%UTX Y 7KLV LV WKH ©QH[W SRLQWª EHORQJLQJ WR WKH VDPHQHLJKERXUKRRG
/HWXVFKHFNWKHD[LRP/l:HNQRZVHHWKHSURRIRI/HPPDLQWKDW
4+  LVRSHQ%\GHILQLWLRQRIWKHEDVH∆PXOWLSOLFDWLRQRQ− LV FRQWLQXRXV WKHUHIRUH
4− −4+ LVDOVRRSHQ
7KXV ZH SURYHG WKDW IRU D VSDFH/ ZLWK SVHXGRQRUP I WR EH D OLQHDU
NLQHPDWLFV LW LV QHFHVVDU\ DQG VXIILFLHQW WKDW WKHPDSSLQJ RIPXOWLSOLFDWLRQ E\− EH
FRQWLQXRXV,QSK\VLFVLWFRUUHVSRQGVWRWKHUHTXLUHPHQWWKDWWKHUHYHUVLRQRIWLPHLVDQ
DOORZHGRSHUDWLRQ
&RUROODU\/HW/EHDOLQHDUVSDFHI)→R −SVHXGRQRUPLQ)) 4+ ∪4− ∪^`
7KHQ WKH WRSRORJ\ LQ / GHWHUPLQHG E\ WKH SVHXGRQRUP I LV LGHQWLFDO ZLWK WKH ZHDNHVW
WRSRORJ\RI WKH OLQHDUNLQHPDWLFV/ZLWKWKHFRQHRI IXWXUH4+  ,W LPPHGLDWHO\ IROORZV
IURPDQG
7KHFRQWLQXLW\RIWKHSVHXGRQRUP
7KHRUHP)XQFWLRQILVFRQWLQXRXV
3URRI,WLVVXIILFLHQWWRFRQVLGHURQO\WKHSUHLPDJHVRIUD\Vε∞DQG−∞ε
ZKHUH ε∈R  DQGSURYH WKDW WKH\ DUH RSHQ LQ) ,I ε∈R WKHQ I−ε ∞ %ε ,I
ε∈R
−
 WKHQ I−−∞ ε −%ε ,I WKH UD\ FRQWDLQV ]HUR SRLQW WKHQ
I−−∞ε∩) )?&O%ε IRU ε∈R DQG I−ε∞∩)  )?&O−%ε IRU ε∈R −7KHUHIRUHWKHVHSUHLPDJHVDUHRSHQLQ)
7KHVSDFHRIILEHUVRIDEVROXWHVLPXOWDQLHW\
'HILQLWLRQ/LQHDUNLQHPDWLFV/∆LVFDOOHGPHWULFOLQHDUNLQHPDWLFVLIIWKHUH
LV D SVHXGRQRUP I)→R  VR WKDW WKH WRSRORJ\∆ LV GHWHUPLQHG E\ I DQG RUGHULQJ   LV
FRPSDWLEOHZLWKILH^[∈/[!` ^[∈/I[!`
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